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Summary 

The first-arrival traveltime tomography is a standard 

approach in the near-surface velocity model building. 

However, the solutions are generally ill-posed and non-

unique. Tikhonov regularizatuion is commonly used to 

stabilize the inversion process, but producing a smoothed 

velocity model. This class of regularizing functionals may 

fail in the structure with sharp boundaries. In this study, we 

present an improved first-arrival traveltime tomography 

method by adding minimum support (MS) to the Tikhonov 

regularization and preserve sharp velocity contrasts. With 

joint regularization, the tomography solutions are stabilized 

and also maintain sharp features. The synthetic and real data 

tests show that the joint MS and Tikhonov regularization 

produces higher resolution models than the conventional 

first-arrival traveltime tomography with Tikhonov 

regularization alone.  

Introduction 

Due to the ill-posed problem of geophysical inverse 

problems, a regularization term is often added to the 

objective function for ensuring a more reasonable solution 

from the seismic tomography. The Tikhonov regularization 

proves to be an effective method to stabilize the ill-posed 

inverse problem (Tikhonov and Arsenin, 1977). However, 

Tikhonov regularization may also lead to a smoothed 

velocity model blurring the sharp features. Many efforts 

have been made to improve the Tikhonov regularization and 

enhance the model resolution.  

Last and Kubik (1983) develop the minimum support (MS) 

method by minimizing the volume (compactness) of an 

anomaly for gravity data inversion. Portniaguine and 

Zhadanov (1999) further propose the minimum gradient 

support (MGS) method by constraining the spatial gradient 

of an anomaly rather than the anomaly itself to construct 

models with sharp boundaries. Ajo-Franklin et al. (2007) 

apply the MS method to differential traveltime tomography. 

The reconstructed P-wave velocity structure shows a sharp 

boundary. Youzwishen and Sacchi (2006) propose an edge 

preserving regularization (EPR) method based on MGS 

method to reconstruct the piecewise-constant velocity model 

from synthetic seismic data.  

In this study, we pose the first-arrival traveltime tomography 

problem with joint regularization of the minimum support 

and Tikhonov methods. We shall evaluate the method with 

both synthetics and real data. 

Method 

We first describe the general nonlinear inverse problem with 

conventional Tikhonov regularization (Tikhonov and 

Arsenin, 1977). The objective function of the first arrival 

traveltime tomography can be written as following: 

𝛹(𝒎) = ‖𝑮(𝒎) − 𝒅‖2
2 + 𝜏‖𝑳(𝒎)‖2

2,                         (1) 

where 𝒎  is the current model slowness, 𝒅  and 𝑮(𝒎) 

are the observed and calculated traveltimes, 𝑳(𝒎) is the 

regularization term, 𝜏 is a balancing factor between data 

misfit and model regularization. The conventional Tikhonov 

regularization method usually applies a low-order difference 

operator to stabilize the inversion process and obtain a 

minimum-structure result.  

In order to improve the edge detection ability in large 

velocity contrast area, the MS (Last and Kubik, 1983) 

method is developed. The key idea of this method is a 

definition of anomaly area matrix 𝐴(𝒎): 

𝐴(𝒎) = 𝑎𝑒 lim
𝛽→0
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where 𝑎𝑒 is the area of a single grid, 𝑛 is the total number 

of model parameters, 𝒎𝑖  is the 𝑖𝑡ℎ model parameter. 𝛽 

is the scaling factor to remove the singularity in case where 

𝒎𝑖 → 0. When the 𝛽 is small enough, 
𝒎𝒊

2

𝒎𝒊
2+𝛽2 evaluates to 

0 or 1, depends on 𝒎𝑖 = 0  or 𝒎𝑖 ≠ 0 . Therefore, 

equation (2) is a sum of binary values and 𝐴(𝒎) represents 

the total area of points with 𝒎𝑖 ≠ 0. Based on this theory, 

the objective function can be written as: 

𝛹(𝒎) = 𝛹𝑑(𝒎) + 𝜆𝛹𝑀𝑆(𝒎) + 𝜏𝛹𝑇𝐾(𝒎) 

= ‖𝑮(𝒎) − 𝒅‖2
2 + 𝜆||𝑾𝑐𝒎||2

2 + 𝜏‖𝑳(𝒎)‖2
2,             (3) 
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where 𝑗 is the 𝑗𝑡ℎ iteration. 𝑖 is the 𝑖𝑡ℎ model grid. 𝑊𝑐𝑖𝑖

𝑗
 

represents a diagonal matrix which is calculated by the 

model parameters of (𝑗 − 1)𝑡ℎ iteration. 𝑳 is the second-

order Laplacian operator. 𝛹𝑀𝑆  and 𝛹𝑇𝐾  are the model 

regularization terms based on MS and Tikhonov method, 

separately. 𝜆 and 𝜏 control the relative weighting of these 

two terms. Tikhonov regularization is added in the objective 

function due to the high ill-posed problem in first-arrival 

traveltime tomography inversion. The comparison of with 

and without Tikhonov regularization is detailed discussed in 

the following tests. 

In each iteration, 𝑾𝒄 is a spatially variable damping matrix 

with high values in regions where the prior model 

parameters has a small value. In this situation, the model 

compactness is promoted and unnecessary model 

complexity is reduced by damping out relatively small 

values. We then apply the Gauss-Newton strategy to 

minimize the objective function and employ a conjugate 

gradient method to solve the problem iteratively. 

Synthetic tests 

We use synthetic data calculated from a model with a sharp 

interface to validate the improvement of the first-arrival 

traveltime tomography with the joint MS and Tikhonov 

regularization. We compare the results with those obtained 

using Tikhonov regularization alone or with the MS 

regularization alone. Regularization parameters may be 

different for these three methods. We need ensure that the 

data misfit of each inversion converges to the same level.  

 

Figure 1: The true model of the synthetic test. 

The true model is shown in Figure 1. This model includes 

two layers with the velocity of 2000 m/s and 3000 m/s 

respectively. A sharp boundary appears in the position with 

a large velocity contrast. The model consists of 800 × 60 

cells with the grid size of 5 m × 5 m. There are 51 shots 

with an interval of 40 m and 199 receivers with an interval 

of 20 m. In the forward propagating process, we use the 

shortest path ray-tracing method to calculate traveltimes and 

an analytical model solution to yield an initial model. In 

order to stabilize the inversion process, we first run 7 

iterations of conventional Tikhonov regularization and then 

apply MS regularization alone, and joint MS and Tikhonov 

regularization. 

 

(a) 

 

(b) 

 

(c) 

 

Figure 2: (a) The inversion result of the conventional Tikhonov 

regularization. (b) The inversion result of the MS regularization. (c) 

The inversion result of joint MS and Tikhonov regularization. 

The result of applying first-arrival traveltime tomography 

with conventional Tikhonov regularization is shown in 

Figure 2a. Compared with conventional Tikhonov 

regularization, the regularization term using MS (Figure 2b) 

produces a shaper velocity model. However, as described in 

the theory, numerical artifacts in Figure 2b, which are 

caused by the MS regularization of the first-arrival 

traveltime tomography. Without the application of the 

Tikhonov regularization, which correlates neighbor points 

using a low-order difference operator, MS regularization 

only constrains velocity along raypaths. It should also result 

in instable inversion solution. Therefore, we joint the MS 

with the conventional Tikhonov regularization in the 
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inversion process, as described in equation (3). We set a 

small weighting to the Tikhonov regularization term only to 

ensure the update of every grids in the whole model space. 

The result of joint regularization is shown in Figure 2c. 

Compared with Figure 2a, the model resolution is highly 

improved with a sharp boundary. Compared with Figure 2b, 

the artifacts is decreased significantly and the final solution 

is more reasonable. 

(a) 

 

(b) 

 

Figure 3: (a) Data misfit during inversion. (b) Model misfit between 

the updated model and the true model. The black dots represent the 

results of Tikhonov regularization, the blue dots represent the 

results of the MS regularization, and the red dots represent the 

results of joint MS and Tikhonov regularization. 

To quantify the accuracy of the inversion results in Figure 2. 

We plot the data misfit and model misfit curve for each 

iteration. Figure 3a shows the convergence curves of data 

misfit, the black dots show the misfits of inversion with 

Tikhonov regularization, the blue dots show the misfits of 

inversion with the MS regularization, and the red dots show 

the misfits of joint MS and Tikhonov regularization. All 

three methods converge to the same level of data misfit. The 

MS regularization and the joint MS and Tikhonov 

regularization show a smaller model misfit compared to the 

Tikhonov regularization alone (Figure 3b). Meanwhile, the 

joint MS and Tikhonov regularization produces the best 

result with the smallest model misfit. 

Real Data 

We further apply the new regularization method to a 2D real 

seismic data acquired in Middle East and compare the result 

with the conventional Tikhonov regularization. This dataset 

consists of 558 shots with a shot interval of 60 m, and 240 

receivers with a receiver interval of 30 m. The total length 

of this survey covers approximately 32 km. 

(a) 

 

(b) 

 

(c) 

 

Figure 4: (a) Initial model created by the GLI solution. (b) The 

inversion result obtained by the conventional Tikhonov 

regularization. (c) The inversion result obtained by the joint MS and 

Tikhonov regularization. 

 

Figure 5: Data misfit during inversion. 
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We pick the first arrival traveltimes of the field records and 

the average reciprocal error is approximately 8 ms. We 

apply the generalized linear inversion (GLI) method 

(Hampson and Russell, 1984) to yield an initial model, as 

shown in figure 4a. Figure 4b displays the inversion result 

of the conventional Tikhonov regularization, which is a 

smooth result. Figure 4c shows the inversion result of the 

joint MS and Tikhonov regularization. Data misfit of these 

two methods are shown in Figure 5. Both these two methods 

converge to an acceptable level, while the joint MS and 

Tikhonov regularization method shows a smaller misfit. We 

can see that both two results show similar velocity structures. 

However, the joint MS and Tikhonov regularization image 

a clearly boundary and present more velocity details than 

conventional Tikhonov regularization. Furthermore, we can 

see that the main difference are focus on the high velocity 

anomalies. The joint MS and Tikhonov regularization 

enhance the compactness constraints on model anomalies. 

We believe that the joint MS and Tikhonov regularization 

can recover the velocity with sharp boundaries more 

properly due to the compactness constraint applied to the 

model parameter. 

Conclusions 

To image the velocity model with large velocity contrast and 

clear interface, we introduce the MS regularization term for 

first-arrival traveltime tomography. For a more stable 

solution, we keep both the MS regularization and the 

conventional Tikhonov regularization in the objective 

function for inversion. The synthetic test shows that the MS 

regularization can produce high-resolution velocity model 

with a sharper interface. The joint MS and Tikhonov 

regularization further improves the inversion results by 

reducing artifacts. This method is also applied in the real 

data. The results show that clearer boundaries can be 

obtained by applying the joint MS and Tikhonov 

regularization. 
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