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Summary 

 

The velocity model and the distribution of the microseismic 

events contribute to understanding the hydraulic fracturing 

processes. We invert the event locations and the five 

Thomsen parameters simultaneously with the cross double-

difference (CDD) method in vertically layered transversely 

isotropic (VTI) media. Different from the double-difference 

(DD) method, the CDD method uses the traveltime 

difference between the P-wave arrival time of one event and 

the S-wave arrival time of another event.  Compared to the 

DD method, the CDD method contains more absolute 

information, which improves the accuracy of the absolute 

locations and maintains the accuracy of the relative locations. 

The arrival times are calculated by a horizontal slowness 

shooting method and we derive the analytical arrival time 

sensitivities to the five Thomsen parameters using the 

slowness components without weak anisotropic 

approximation. The synthetic and field tests demonstrate 

that the CDD method can provide accurate absolute and 

relative locations of events and reliable inversion results of 

the Thomsen parameters. 

 

Introduction 

 

Microseismic monitoring is a useful tool to understand the 

underground industrial processes during hydraulic fracturing 

in gas and oil reservoirs (Rutledge & Phillips, 2003; 

Maxwell et al., 2010). The distribution of the microseismic 

events indicates the fracture growth, which is crucial for 

interpretation purposes (Cipolla et al., 2011). The sonic 

logging is a common approach to build a 1D layered velocity 

model and then the perforation shots are used to calibrate the 

velocity model (van Dok et al., 2011; Chen et al., 2013).  

 

Many efforts have been made to improve the accuracy of the 

event locations and velocity model. For example, Mah & 

Schmitt (2003) perform a global search method to obtain all 

elastic moduli in a homogenous composite material using 

traveltimes. However, the computational cost of this method 

increases with the number of observations. Zhang et al. 

(2009) perform the double-difference tomography method 

(Zhang & Thurber, 2003) to recover the event locations and 

the isotropic velocity model simultaneously with the 

absolute and differential arrival times. However, the 

anisotropy is not resolved. Grechka et al. (2011) 

simultaneously invert the event locations and the 21 stiffness 

components, assuming the medium is a homogeneous 

anisotropic space. However, assuming a homogeneous 

anisotropic velocity model may not be realistic since the 

receiver arrays usually span a wide range of depths. Li et al. 

(2013) extend the double-difference method to the VTI 

media by incorporating the differential backazimuths and the 

differential arrival times. 

 

In this study, we derive the traveltime sensitivities with 

respect to the five Thomsen parameters utilizing the 

slowness components rather than the phase and group angles. 

The derivation is analytical without weak anisotropy 

assumption. We use a horizontal slowness shooting method 

(Han et al., 2015) to calculate the arrival times of the qP, 

qSV, and SH waves. We project the events onto the vertical 

2D plane, reducing the dimensionality of the inversion 

problem from 3D to 2D. Then we perform 2D inversion and 

project the location results back to 3D with the event 

azimuths, which are determined from the polarization 

analysis. We simultaneously estimate the event locations 

and the anisotropic parameters in VTI media by the cross 

double-difference (CDD) method (Tian et al., 2014). Using 

the differential traveltimes between P- and S-waves of 

different events, the CDD method contains more absolute 

information, resulting in more accurate absolute locations. 

The synthetic and field examples demonstrate that our 

approach is reliable and accurate. 

 

Method 

 

1) The cross double-difference method 

 

The objective function Φ of the CDD method is 
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where i, j indicate the event number and k denotes the 

receiver number. ns, nr are the total number of events and 

receivers. 𝑡𝑘𝑝
𝑖  is the P-wave arrival time from event i to 
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are the observed and 

theoretical arrival time differences, respectively.  
 

We transfer the 3D inversion to 2D inversion by projecting 

the events onto the xz plane, where the x- and z-axis 

represent the horizontal distance to the monitoring well and 

the vertical depth, respectively. The inverted 2D locations 

can be projected back to 3D using the event azimuths, which 

are determined by polarization analysis. According to 

Waldhauser & Ellsworth (2000), we have 
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where ∆h is the distance between the event and the 

monitoring well. 
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2) Sensitivities to the five Thomsen parameters 

 

In VTI media, the expression of the group velocity with 

respect to the group angle is not analytical and explicit. 

However, the expression of the phase velocity to the phase 

angle is analytical. The phase velocity becomes slowness 

surface in slowness domain. The qP and qSV slowness 

surfaces are coupled with a quartic equation (Han et al., 

2015): 
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where α, β, ε, σ, and γ are Thomsen parameters. 𝑝𝑧 , 𝑝𝑥 are 

vertical and horizontal slowness components, respectively. 

The qP and qSV slowness surfaces are two real distinct roots 

of equation (3). 

 

The slowness surfaces of qP, qSV and SH are 
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The group velocity vector are 
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where 𝑣𝑧, 𝑣𝑥  are the vertical and horizontal group velocity 

components, 𝑆(𝑝
𝑥 

, 𝑝
𝑧 

) is the qP, qSV or SH slowness surface. 

 

The sensitivity of the traveltime T with respect to the five 

Thomsen parameters is 
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where 𝑙𝑘, 𝑣𝑔
𝑘 are the ray path and the group velocity in layer 

k, 𝑚𝑘 denotes one of the five Thomsen parameters in layer 

k. After ray tracing, only 
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where 
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 can be expressed as  
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In this way, we obtain the analytical expressions of the 

sensitivities with respect to the five Thomsen parameters in 

VTI media. Note that the sensitivity of the origin time equals 

to 1. 

3) Scheme for the joint inversion 

 

In the joint inversion scheme for the hypocenters and the 

velocity model, we solve for the following equation: 
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where the 𝑄𝑐𝑑𝑑
𝑡  is the cross differential matrix, 𝐴𝑡 = [𝑃𝑡 𝐻𝑡] 

is the sensitivity matrix of the traveltimes with respect to the 

five Thomsen parameters (𝑃𝑡) and event locations (𝐻𝑡), 𝜔𝑡 is 
the weight for the Thomsen parameters and the event 

hypocenters, ∆m and ∆x are the perturbations of the 

Thomsen parameters and event locations respectively, ∆T is 

the traveltime residual. The equation (15) is solved using the 

singular value decomposition method. We perform the 

inversion iteratively until the iteration number equals to a 

given number or the residuals become negligible. 

 

Results 

 

We present two synthetic tests and one field example to 

compare the performance of the CDD and DD methods. In 

the two numerical examples, we use the same velocity model 

with four layers and strong anisotropy. There are three 

neighboring parallel fractures in the model and each fracture 

system has eight microseismic events (Figure 1). There are 

totally 24 events distributed in the fourth layer and 12 

receivers placed in a vertical monitoring well with the 

receiver interval of 20 m. The event azimuths are derived 

from the initial P-wave polarization analysis and the 

traveltimes are calculated by the horizontal shooting 

algorithm. The advantage of the shooting method is that 

there is no need to frequently convert the phase velocity to 

the group velocity when dealing with interface. Besides, 

after ray tracing, we can directly obtain the slowness 

components, which are the sensitivities of the traveltimes 

with respect to the event hypocenters. 

 

1) Numerical example 1 

 

In the first synthetic test, we perform the joint inversion with 

0.3 ms (σ = 0.3 ms) random picking errors and compare the 

inversion results between the CDD and DD methods. The 

input data includes the differential traveltimes, which are 

important to the location determination, and the absolute 

traveltimes, which are necessary to invert the model 

parameters. There are 8 initial locations distributed in 

approximately 100 m offset (Figure 1). The location results 

of the CDD and DD methods are shown in Figure 1. 

Comparing the inverted locations, these two methods 

produce similar results. However, the absolute locations of 

the CDD method are more accurate than the DD method. 

The inversion locations of the CDD method are almost 

within the true location circles and successfully depict the 

parallel fracture systems. 
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Figure 2 shows the results of the Thomsen parameters by 

these two methods. Since the ray coverage is different, the 

accuracy of the five Thomsen parameters in different layers 

vary in the presence of picking errors. From the inversion 

results, the inverted α, β, and δ are more accurate than ε and 

γ. In the second and third layers, the velocity parameters are 

well recovered.  

 
(a)                                             (b) 

 
 
Figure 1: The location results of the CDD (a) and DD (b) methods 

with 0.3 ms random picking errors. The green plus signs, red circles, 
and blue crosses indicate the initial, true, and inverted locations, 

respectively. The black triangles denote the receivers. 

 

  
 
Figure 2: The inversion results of the five Thomsen parameters with 

0.3 ms random picking errors. The black, red, blue dashed, and 

green dashed lines indicate the initial, true, inverted by the DD, and 
CDD methods respectively. 

 

2) Numerical example 2 

 

In the second synthetic test, we add 0.6 ms (σ = 0.6 ms) 

random picking errors to the traveltime data. The joint 

inversion results are shown in Figure 3 (the location results 

of the CDD and DD methods) and Figure 4 (the inversion 

results of the anisotropic parameters). Figure 3 shows that 

both the CDD and DD methods can successfully depict the 

parallel fractures, namely the relative locations determined 

by these two methods are accurate. However, the absolute 

locations inverted by the CDD method are much more 

accurate than the DD method. The absolute locations of the 

DD method deviate from the true locations while those of 

the CDD method are almost within the true location circles. 
 

Figure 4 shows that the α, β, and δ inversion results for both 

the CDD and DD methods are very close to the true values. 

Similarly, the velocity parameters in different layers are 

inverted with different degrees of accuracy. Due to ray 

coverage, the accuracy of the inverted anisotropic 

parameters in the second and third layers are more accurate 

than the first and fourth layers. 
 

                             (a)                                                (b) 

 
 
Figure 3: The location results of the CDD (a) and DD (b) methods 
with 0.6 ms random picking errors. The symbols are the same as in 

Figure 1. 
 

 
 
Figure 4: The inversion results of the five Thomsen parameters with 

0.6 ms random picking errors. The symbols are the same as in Figure 

1. 
 

3) Field example 
 

We apply our method to the field data acquired from a single 

vertical monitoring well during a hydraulic fracturing 

process. The twelve 3C receivers are deployed in a vertical 

monitoring well from 1120 to 1285 m, with the receiver 

interval of 15 m as shown in Figure 5. There are totally 16 

stages. Within each stage, a ball-drop event is recorded with 

a known location but at an unknown origin time. Here we 

use the ball-drop event of stage 4 to simultaneously estimate 

the 37 event locations and the five Thomsen parameters. 

With the sonic logging, we derive the layer thickness, P- and  
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Figure 5: The stage 3 location results shown in 3D, X-Y, X-Z, and 

Y-Z planes with the CDD and DD methods. The green and red dots 
denote the CDD and DD location results, respectively. The black 

triangles indicate receivers. The black squares are the stages where 

the blue one is the stage we used. 
 

  

 
 
Figure 6: The inversion results of the five Thomsen parameters with 

the CDD method. The black and blue dashed lines are the initial and 
inverted parameter values using the CDD method. 

 

S-wave velocities, which are taken as the layer thickness and 

the initial value of α, β in our inversion. The initial locations 

are the results determined by the isotropic grid search. The 

events are inverted in 2D plane and then projected back to 

3D using the event azimuths. 
 

The field location results of the CDD and DD methods are 

shown in Figure 5. The microseismic event locations 

recovered by the CDD method are less scattered than the DD 

method. The inverted Thomsen parameters in Figure 6 

indicate that there are strong anisotropy in the hydraulic 

fracturing layer. Therefore, the CDD method can provide 

reasonable locations and anisotropic parameters. 

 

Conclusions 

 

We have applied the CDD method to simultaneously invert 

the event locations and the five Thomsen parameters in the 

VTI media. A horizontal slowness shooting algorithm is 

used to derive the traveltime data. The arrival time 

sensitivities with respect to the five Thomsen parameters are 

analytical without weak anisotropy assumption. The CDD 

method contains more information used to determine the 

absolute locations with the differential traveltimes of 

different phases. The numerical examples indicate that our 

approach can provide more accurate absolute locations and 

the inverted Thomsen parameters are reliable. Finally we 

apply the CDD method to the field data. The traveltime 

misfit curve shows the reliability of our approach. The 

inverted anisotropic parameters reveal strong anisotropy in 

the hydraulic layer for this data. 

 

The advantage of the DD method is that it is less dependent 

on the accuracy of the velocity, therefore, it can provide 

accurate relative locations. However, the absolute 

information contained in DD data is much less than the 

relative information. On the contrary, the CDD method 

contains more absolute information. Note that though the 

CDD method can improve the accuracy of the absolute 

locations, it is sensitive to the velocity model. The CDD 

method can obtain accurate location results when the 

velocity model is not very complicated. 
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